We give a result that relates the diffeomorphism type of the link of a nondegenerate semi-quasi-homogeneous hypersurface simple K3 singularity with the singularities of the normal K3 surface that appears as the exceptional divisor of the resolution of the singularity. As a result, we show that the links are diffeomorphic to the connected sum of copies of S 2 × S 3 . Moreover, we also show that the topological types of hypersurface simple K3 singularities defined by non-degenerate semi-quasihomogeneous polynomials are all different.
Introduction
Let f = f (z 1 , . . . , z n ) be a polynomial defining an isolated singularity at the origin of The simple K3 singularity was defined in Ishii-Watanabe [8] as a Gorenstein purely elliptic singularity of type (0, 2), which is a three-dimensional analogue of the simple elliptic singularity in dimension 2. Its geometric characterization was also given in [8] as follows: Definition 1.1. A three-dimensional normal isolated singularity (X, x) is called a simple K3 singularity if the exceptional divisor of a Q-factorial terminal modification is an irreducible normal K3 surface, where a normal K3 surface means a normal surface whose resolution is a K3 surface.
A normal K3 surface has only rational double points as its singularities from Artin [1, 2] . Moreover, Shimada [21] determined all possible configurations of rational double points on normal K3 surfaces.
Boyer, Galicki and Matzeu showed in [3] that the links of hypersurface simple K3 singularities defined by non-degenerate quasi-homogeneous polynomials are all diffeomorphic to some connected sum of S 2 × S 3 by using Sasakian structures. In this paper, more generally, we investigate the topological types of hypersurface simple K3 singularities defined by non-degenerate semi-quasi-homogeneous polynomials.
First we focus on the links of hypersurface simple K3 singularities defined by nondegenerate semi-quasi-homogeneous polynomials. It is known that the link of a threedimensional hypersurface isolated singularity is a simply connected closed spin C ∞ -manifold of dimension 5. Due to Smale's result, its diffeomorphism type is determined by the second homology group H 2 (M ), where every (co)homology group is a (co)homology group with integer coefficients unless otherwise stated (see Theorem 3.1).
and the Newton boundary Γ(f ) of f is the union of the compact faces of Γ + (f ). For a face ∆ of Γ(f ), we put
We say that the polynomial f is non-degenerate if
has no solutions in (C\{0}) n for any face ∆ of Γ(f ). We say that a hypersurface singularity defined by f at the origin is non-degenerate if f is a non-degenerate polynomial.
The non-degenerate hypersurface simple K3 singularities are classified as follows: 4 ] be a non-degenerate polynomial defining a simple K3 singularity at the origin, and let ∆ 0 (f ) be the face of Γ(f ) containing (1, 1, 1, 1) in its relative interior. Then the weight-
Yonemura [26] , and independently Fletcher [5] , classified all vectors α ∈ Q
4
>0 that appear as the weight-vector α(f ) of a non-degenerate polynomial f defining a hypersurface simple K3 singularity, and made the famous list of ninety-five weight-vectors, which is also called Reid's 95 examples. They also provide a non-degenerate quasi-homogeneous polynomial defining a hypersurface simple K3 singularity for each weight-vector in the list. Throughout this paper, we use the numbering of the weight-vectors given in Yonemura's list [26, Table 2 .2]. Definition 1.4. Let (X, x) be a hypersurface simple K3 singularity defined by a polynomial f = ∑ a k z k . We say that f is semi-quasi-homogeneous if f ∆ 0 = 0 defines an isolated singularity at the origin, where
Moreover, we have the following result, proved by Tomari [23] (see also [26 There is a list of Sing(K ′ ) for 95 weight-vectors in [26] . The following are well-defined:
where r(α) is called the total Milnor number.
We show that the second homology groups of the links are free when the hypersurface simple K3 singularities are defined by non-degenerate and semi-quasi-homogeneous polynomials. In order to calculate the second homology groups of the links in higher dimensions, the monodromy of the Milnor fibration is often used (see also [12] and [9] ). However a different method is described in this paper, which uses the information of the normal K3 surfaces that appears as the exceptional divisor of the resolution of the singularity. The main result is as follows:
The plan of this paper is as follows. In §2 and in §3, we recall known results of topological types of the hypersurface singularities and Smale's result in [22] , respectively. In §4, we prove Theorem 1.6. From Smale's result, the key point of the proof of Theorem 1.6 is to calculate the second homology group H 2 (L, Z) of the link L of a hypersurface simple K3 singularity (X, x). In §5, we give a partial affirmative answer for Orlik's Conjecture 3.2 stated in [16] . In §6, we show that the topological types of hypersurface simple K3 singularities defined by non-degenerate semi-quasi-homogeneous polynomials are different when the weight-vectors are different (see Theorem 6.1). In order to show this, we use Lê Dũng Tráng's result in [10] : the characteristic polynomial of the monodromy of the Milnor fibration is a topological invariant. As a corollary, we give a partial affirmative answer for Saeki's problem stated in [18] for four variables, which is related to Zariski's multiplicity problem [27] : the weight-vectors of non-degenerate semi-quasi-homogeneous polynomials defining simple K3 singularities are topological invariants (see Corollary 6.3).
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Topological types of hypersurface singularities
Let n be an integer ≥ 2, and let f : (C n , 0) → (C, 0) and g : (C n , 0) → (C, 0) be germs of holomorphic functions with isolated critical points at the origin. We put
Definition 2.1. We say that f and g are topologically equivalent if there exists a homeomorphism germ φ :
Let ϵ be a sufficiently small positive real number. We put D
Definition 2.2. We say that f and g are link equivalent if (S 
the characteristic polynomial of the monodromy h * :
Then we have the following: 
Smale's theorem
Let f ∈ C[z 1 , . . . , z 4 ] be a polynomial defining an isolated singularity at the origin of C 4 . Then the link
is a simply connected closed spin C ∞ -manifold of dimension 5. By the following result of Smale, the diffeomorphism type of the link K is determined by H 2 (K).
Theorem 3.1 (Smale [22] ). There exists a one-to-one correspondence φ from the set of isomorphism classes of simply connected closed spin C ∞ -manifolds of dimension 5 to the set of isomorphism classes of finitely generated abelian groups.
Let M be a simply connected closed spin C ∞ -manifold of dimension 5, and let
where F is the free part and T is the torsion part. Then the correspondence φ is given by φ(M
As a corollary, we have the following:
4 Proof of Theorem 1.6
Preparations
Let L be the link of a hypersurface simple K3 singularity (X, x) defined by a nondegenerate semi-quasi-homogeneous polynomial f of weight-vector α. In order to show Theorem 1.6, it is enough to show the following proposition according to Smale's classification.
the link L is a free group of the rank 21 − r(α).
Further the following proposition also holds: 4 ] N such that U α,N contains both f 1 and f 2 , and that, if g ∈ U α,N , then g is a non-degenerate semi-quasi-homogeneous polynomial defining a hypersurface simple K3 singularity of weight-vector α. Consider the universal family Note the condition that a polynomial contains a term of the form z n i or z n i z j , in Yonemura's paper [26] , which is equal to the necessary conditions for a polynomial having an isolated singularity (see [20, Corollary 1.6 
]).
Summarizing the above results, it is enough to show the following theorem in order to show Theorem 1.6, 
Resolutions of (X, x)
The link of a hypersurface simple K3 singularity (X, x) defined by a non-degenerate quasi-homogeneous polynomial of weight-vector α is considered as the boundary of the neighborhood of the smooth exceptional divisor in the ambient space of the singularity (X, x). In order to show Theorem 4.3, first we consider the weighted blow-up of C 4 at the origin 0 ∈ C 4 by using the method of toric varieties (see [7] , [14] , [15] ). Let p := (p 1 , p 2 , p 3 , p 4 ) be the quadruple of positive integers with gcd(p i , p j , p k ) = 1 for all distinct i, j, k. Then the weighted blow-up
with weight p, where P(p 1 , p 2 , p 3 , p 4 ) is the weighted projective space, is constructed as follows: Let N := Z 4 and let M := Hom Z (N, Z) be the dual Z-module of N . A subset σ of N R := N ⊗ Z R is called a cone if there exists n 1 , . . . , n s ∈ N such that σ is written as
which we simply denote σ := ⟨n 1 , . . . , n s ⟩ and call n 1 , . . . , n s the generators of σ. For a cone σ in N R , we define the dual cone of σ by
and associate a normal variety
with the cone σ, where C[σ ∩ M ] is a C-algebra generated by z m for m ∈σ ∩ M . We assume that the generators n 1 , . . . , n s of a cone σ consist of primitive elements of N , i.e. each n i satisfied n i R ∩ N = n i Z. We define the determinant det σ of a cone σ as the greatest common divisor of all (s, s) minors of the matrix (n ij ), where n i := (n i1 , . . . , n i4 ).
Let σ ⊂ N R = R 4 be the first quadrant of R 4 , i.e. σ := ⟨e 1 , e 2 , e 3 , e 4 ⟩ where e 1 := (1, 0, 0, 0), . . . , e 4 := (0, 0, 0, 1). We divide the cone σ into four cones by adding the vector
From the inclusion σ i ⊂ σ, we obtain natural morphisms
where
be the union of V i which is glued along the images of Π i . Then we have a morphism
Let X ′ be the proper transform of X by Π. Let
and the exceptional set
is the weighted blow-up with weight p, and K ′ is a normal K3 surface. The minimality of the weighted blow-up and the singularities on normal K3 surfaces were stated in Theorem 1.5.
Resolutions of (X
In this section, we study the resolution of (X ′ , K ′ ) because we need a smooth exceptional divisor K ′ in the ambient space of the singularity to show Theorem 4.3 (see §4.5). Due to Theorem 1.5, it is enough to consider isolated cyclic quotient singularities of dimension 3.
Let C n = {g} be a cyclic group of order n. The generator g acts on C 3 by
where ξ is a primitive nth root of unity and q 1 , q 2 are integers satisfying 0 < q 1 , q 2 < n and gcd(n, q 1 ) = gcd(n, q 2 ) = 1. Note that, in this case, we can take the canonical generator g ∈ C n and define the canonical way of the resolution which is minimal (see [6] ). Here we express the singularities in terms of toric varities as follows:
We denote this cyclic quotient singularity by N
Consider the case of a nondegenerate hypersurface simple K3 singularity with weight-
From the results of Yonemura [26, Proposition 3.4] , the cone is expressed as follows: 
is the disjoint union of the union R i of rational surfaces, and K ∩R i is a tree of µ(x i ) rational curves P 1 . More precisely,
) is isomorphic to the Hirzebruch surface of degree j ≥ 2 and F 1 is isomorphic to the projective plane P 2 such that F j and F j+1 intersect transversally with F j ∩ F j+1 = P 1 , and no three of the Hirzebruch surfaces intersect.
For each singularity x i on K ′ , it follows from Lemma 4.4 that it is enough to consider the cone σ = ⟨(a, a − 1, 1), (0, 1, 0), (0, 0, 1)⟩, where a = µ(x i ) + 1. By using Oka's method in [15] , a simplicial subdivision of σ is obtained by adding new 1-dimensional cones R λ for 1 ≤ λ ≤ a − 1,
and subdividing by induction. The orbit O R λ has dimension 2 and the orbit closure V (R λ ) is constructed from the cones of σ containing R λ . From the configuration of the cones of σ, due to the known results on two-dimensional compact non-singular toric varieties in Fulton [7] and Fujiki [6, Corollary to Lemma 6](see also [14] and [24] ), we have required results: the orbit closure V (R λ ) for 1 ≤ λ ≤ a − 2 is isomorphic to the Hirzebruch surface F j of degree j ≥ 2, and the orbit closure V (R a−1 ) is isomorphic to the projective plane P 2 .
Homology group H
Here we study the homology group H * ( K ′ ), which will be used to show Theorem 4.3.
Proof. First we calculate the homology group H * (R i ) of R i . For j = 1, we have
otherwise.
It follows from the Mayer-Vietoris sequence by induction on the number µ(x i ) ≥ 2 that
which also holds for µ(
, which completes the proof. Lemma 4.7.
Proof. It follows from Theorem 1.
j is a tree of µ(x i ) rational curves P 1 j and E i ∩ E j = ∅ for i ̸ = j. Consider the Mayer-Vietoris sequence by induction on the number µ(x i ), we have
, which completes the proof.
Then we obtain the homology group
Proof. Since K is a smooth K3 surface, we have
Consider the Mayer-Vietoris sequence,
It follows from the above lemmas and the exactness that we have the homology groups H * ( K ′ ).
Proof of Theorem 4.3
Proof. Let N := N ( K ′ ) be a smooth neighborhood of K ′ in X ′ . Then L := ∂N is the link of the singularity. From Smale's result, it is enough to show H 2 (L) is a free group of the rank 21 − r(K ′ ). Consider the exact sequence of a pair (N, L)
Note that L is simply connected. By the Poincaré-Lefschetz duality, the universal coefficient theorem and Proposition 4.8 we have
Hence we obtain the required result
Remark 4.9. There exist 3-dimensional hypersurface singularities which are not hypersurface simple K3 singularities, but whose links are diffeomorphic to the connected sum of some copies of S 2 × S 3 . For example, the link of the hypersurface singularity defined by
is diffeomorphic to the connected sum of n copies of S 2 × S 3 , where n = gcd(c, d) − 1 (see [9] ).
Orlik's Conjecture
Consider the Milnor fibration as stated in §2. Then the matrix (tI − h * ) is equivalent to a diagonal matrix since the polynomial ring C[t] is a principal ideal domain. Therefore there exist unimodilar matrices U (t) and V (t) with entries in C[t] so that
where m i (t) divides m i+1 (t) for 1 ≤ i ≤ µ(f ). The minimal polynomial m µ(f ) (t) contains each irreducible factor of the characteristic polynomial ∆ f (t). Suppose f is quasihomogenous. Then Orlik's Conjecture 3.2 for the homology group of the link L in [16] is as follows:
where Z 1 is the trivial group and Z 0 is the infinite cyclic group.
For three variables, the conjecture folds from the result of Orlik and Wagreich in [17] . In general, the characteristic polynomial ∆ f (t) of the monodromy and the Milnor number µ(f ) are calculated from the weight-vector α(f ) by means of the formula of Milnor and Orlik [13] . The results are given in Table 5 .1, where Φ k denotes the kth cyclotomic polynomial.
By using this 
Topological types
From the result of Theorem 1.6, the links of hypersurface simple K3 singularities defined by non-degenerate semi-quasi-homogeneous polnomials are diffeomorphic when the total Milnor numbers are the same: for example, the links associated with the polynomials No.1: x 4 + y 4 + z 4 + w 4 and No.5: x 2 + y 6 + z 6 + w 6 in Yonemura's list are diffeomorphic to the connected sum of 21 copies of S 2 ×S 3 because both exceptional divisors are smooth. In this section, we consider topological types of hypersurface simple K3 singularities defined by non-degenerate semi-quasi-homogeneous polynomials. Proof of Theorem 6.1. By Lemma 6.2, we can assume that f and g are non-degenerate and quasi-homogeneous. It follows from Table 5 .1 that we have ∆ f (t) ̸ = ∆ g (t) for all 95 weight-vectors in [26] . Together with Theorem 2.4, we have required results.
As a corollary, we give a partial affirmative answer for Saeki's problem stated in [18] : whether weight-vectors are topological invariants or not.
